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ABSTRACT 



O 

00 

We generalize the description of the d — 4 Attractor Mechanism based on an effective black hole 
^ (BH) potential to the presence of a gauging which does not modify the derivatives of the scalars and 
^ does not involve hypermultiplets. The obtained results do not rely necessarily on supersymmetry, 
and they can be extended to d > 4, as well. 

Thence, we work out the example of the stu model of A = 2 supergravity in the presence of 
Fayet-Iliopoulos terms, for the supergravity analogues of the magnetic and DO — D6 BH charge 
configurations, and in three different symplectic frames: the (SO (1, l)) 2 , 5*0(2,2) covariant and 
SO (8)-truncated ones. 

The attractive nature of the critical points, related to the semi-positive definiteness of the Hessian 
matrix, is also studied. 
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1 Introduction 

The so-called Attractor Mechanism was discovered in the mid 90's p]-[5] in the context of extremal 
BPS (Bogomol'ny-Prasad-Sommerfeld) black holes (BHs). Recently, extremal BH attractors have 
been intensively studied [6] [57], mainly due to the (re)discovery of new classes of scalar attractor 
configurations. Differently from the BPS ones, such configurations do not saturate the BPS bound 
[55] and, when considering a supergravity theory, they break all supersymmetries at the BH event 
horizon. 

The Attractor Mechanism was firstly discovered in ungauged super gravities, with various su- 
percharges and in various space-time dimensions. In all cases such a mechanism of purely charge- 
dependent stabilization of the scalars at the event horizon of an extremal BH can be critically 
implemented, i.e. the attractor configurations are nothing but the critical points of a suitably de- 
fined, positive definite BH effective potential function Vbh- The formalism based on Vbh is in- 
trinsically off-shell, i.e. it holds in the whole scalar manifold, and it allows one to determine the 
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classical Bekenstein-Hawking [59] BH entropy by going on-shell, that is by evaluating Vbh at its 
non- degenerate critical points, i.e. at those critical points for which Vbh 7^ 0. Furthermore, one can 
study the stability of the attractors by considering the sign of the eigenvalues of the (real form of 
the) Hessian matrix of Vbh at its critical points. Actually, only those critical points corresponding 
to all strictly positive Hessian eigenvalues should be rigorously named attractors. 

In this work we deal with the extension of the effective potential formalism in the presence 
of a particularly simple gauging. In other words, we determine the generalization of Vbh to an 
effective potential V e ff, which takes into account also the (not necessarily positive definite) potential 

V originated from the gauging. We show that the Attractor Mechanism can still be implemented in 
a critical fashion, i.e. that the stabilized configurations of the scalar fields, depending on the BH 
conserved electric and magnetic charges and on the gauge coupling constant g, can be determined 
as the non-degenerate critical points of V e ff. Concerning the d = 4 metric background, we consider 
a dyonic, extremal, static, spherically symmetric BH, which generally is asymptotically non-flat, 
due to the presence of a non- vanishing gauge potential V. As we will discuss further below, such 
a space-time background is non- super symmetric, and thus all attractors in such a framework will 
break all supersymmetries down. 

As a particular working example, next we consider the so-called stu model with Fayet-Iliopoulos 
(FI) terms, in two manageable BH charge configurations, namely in the supergravity analogues of 
the magnetic and DO — D6 ones. It is worth anticipating here that the obtained results (and their 
physical meaning) crucially depend on the choice of the symplectic basis used to describe the physical 
system at hand. Such a feature strongly distinguishes the gauged case from the ungauged one, the 
latter being insensitive to the choice of the symplectic basis. However, such a phenomenon, observed 
some time ago e.g. in [60], can be easily understood by noticing that in general the gauge potential 

V is independent of the BH charges, and thus it is necessarily not symplectic invariant. Indeed, as 
we explicitly compute, the resulting explicit form of the generalized BH effective potential V e ff, its 
critical points, their positions in the scalar manifold, their stability features and the corresponding 
BH entropies generally do depend on the symplectic frame being considered. 



It is here worth noticing that the 5*0 (8)-truncated symplectic basis (treated in Subsect. 3.3) has 
the remarkable property that the FI potential Vfi,so(8) (given by Eq. (3.34) below) admits critical 



points at a finite distance from the origin. This is not the case for the FI potentials in the (SO (1, l)) 2 
and 5*0(2,2) covariant bases treated in Subsects. 3.1 and 3.2. Indeed, V FI (son i)) 2 anc ^ Vfi,so(2,2) 



(respectively given by Eqs. (3.9) and (3.18) below) only have a runaway behavior, admitting only 
minima at an infinite distance from the origin. 

Finally, we address the issue of the stability of the various obtained gauged attractors. in light of 
the previous statement, not surprisingly we find that the lifting features of the two non-BPS Z ^ 
massless Hessian modes pertaining to the ungauged limit (g = 0) of the stu model depend on the 
symplectic basis being considered. 

The plan of the paper is as follows. 

In Sect. [2] we exploit a general treatment of the effective potential formalism in the presence of a 
gauging which does not modify the derivatives of the scalars and does not involve hypermultiplets; 
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such a treatment does not rely necessarily on supersymmetr}|^| Then, in Sect. [3] we apply the 
obtained general results to the case of the stu model in the presence of Fayet-Iliopoulos terms, in 
three different symplectic bases: the so-called (SO (1, l)) 2 , SO (2, 2) covariant and SO (8)-truncated 
ones, respectively considered in Subsects. 3A_ 3J2 and 3J3 Thus, in Sect. [4] we compute, for the so- 
called magnetic and DO — DQ BH charge configurations (respectively treated in Subsects. 4.1 and 4.2 ), 
the critical points of the effective potential V e ff of the stu model in the symplectic frames introduced 
above, and then compare the resulting BH entropies, obtaining that the results will generally depend 
on the symplectic frame considered. Sect. [5] is devoted to the analysis of the stability of the critical 
points of V e ff computed in Sect. |4| i n both the magnetic and -DO — D6 BH charge configurations 
(respectively treated in Subsects. 
are given in Sect. [6j 



5.1 and 5.2). Final comments and ideas for further developments 



2 General Analysis 

Let us start from the bosonic sector of gauged N = 2, d = 4 supergravity. We consider a gauging 
which does not modify the derivatives of the scalars and does not involve hypermultiplets. The 
appropriate action has the following form (fx = 01,2,3, a — 1, and A = 0, 1, ....,n v , n v being 
the number of vector multiplets; see e.g. [62J) 

S = J (- l -R + G al (zrz)d»z a d»z l + ^(zrz)^ v ^^ u + ^(zrz)^^ n " v -V(z,z)^ v^dV, 

(2.1) 

where /xae = ImMtcBi ^as = -RcA/as, = ^(d^A^ — d v A^) and * denotes Hodge duality (e 0123 = 
~ £0123 = ~~ 1) 



Varying the action (2.1) with respect to g^ u , z a and A^ one can easily find the following Eqs. of 
motion: 

Rpu - \R9pu - 2G al d {ll z a d v) z l + G al d x z a d x z l g^ = + Vg^; (2.3) 

^(^gg^) + = 9 -^T^ + 9 ^;^ - ^ ; (2.4) 

e^ Xp d u g MXp = 0, (2.5) 
where £ A | pv = v kTi F^ v - ^as*^%, and 

T m = ^A^ x ^ p 9 Xp - ^ae^ S| Xp 9pu. (2.6) 



^n some respect, a similar treatment in d = 5 was recently given in |54j 
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Moreover, one also obtains 



0. 



(2.7) 



which directly follows from the very definition of p , and it is nothing but the Bianchi identities. 

Let us now consider the dyonic, static, spherically symmetric extremal black hole (BH) back- 
ground. For this case, the most general metric reads 



ds 2 = e 2A ^dt 2 - e 2B ^dr 2 - e 2C ^r 2 {d6 2 + sin 2 9 dp 2 



(2- 



It is worth pointing out that only two functions out of A(r), B(r) and C(r) are independent, one of 
the three can be absorbed by a suitable redefinition of the radial coordinate r. As a consequence of 
the staticity and spherical symmetry, all scalar fields depend only of r, and intensities of electrical 
and magnetic fields are directed along the radial direction. 

Let us now investigate the Eq. (2.5) of the electromagnetic field and the Bianchi identities 



(2.7). The electromagnetic field strength has only two non-zero components, namely J 7 ^ and 



23- 



corresponding to radially directed electrical and magnetic fields, respectively. Indeed, by solving the 
Bianchi identities (2.7), one gets that = ^(r) and = F&{0). The same holds for Qa\^: 
because by duality arguments Eq. (2.5) is nothing but the Bianchi identities for Ga\hv Substituting 



and into Qa\oi an d Ga\23 and recalling the peculiar dependence on r and 9, one finally gets 
the following solution for the non-vanishing components of the electromagnetic field strength: 



,A+B-2C 



T 
■J i 



01 



2r 2 



-^)- 1|A V S r/-g s ); 



-^3 = -^ sin#, 



(2.9) 



where the constants and p A respectively are the electrical and magnetic charges of the BH, i.e. 
the fluxes 

-AN = l_ff sL ^ 
4vr I L, Qa 



P 
Qa 



(2.10) 



T M j, can be computed by substituting Eqs. ( 2.9[ ) into Eq. (2.6). By doing so, one obtains 



T ° = T\ = -T 2 = —T, 



-AC 



-V, 



BH, 



where Vbh is the standard, so-called BH potential, defined as (see e.g. [5]) 



BH 



-Xp\ Qa) 



/UAs + ^Ar(/u) 1|rn ^ns 



-i| Ar 



-^Ar(^)- 1|rS 



p^ 



(2.11) 



(2.12) 



One can also easily check that 



dz a 



dz a 



T 



S| iiv 



-AC 



dV, 



BH 



dz a 



(2.13) 
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Let us now write down Eqs. (2.3) and (2.4) explicitly. In order to do this, we substitute the 



metric (2.8) and Eqs. (2.11) and (2.13) into them, getting the following independent Eqs 
-e~ 2B [C'(C + 2A') + ? (C + A') + i (1 - e 2 ^)} + e 



-2B ^ai^bir* - 
Z Z U ab 



^V BH + V: 



-e~ 2B [A" + C" + A' (A' - B') + C'(C - B' + A') + 2 (A' — B' + 2C')] + 



—e 



-2B „a/^b//~t _ 

z z u ab 



(2.14) 



-2B 



z b "G al + z b >?'G al - c + z b 'G ai (A' -B' + 2C> 



- 4C dV BH , dV_ 
r 4 dz a dz a ' 



where the prime denotes derivative with respect to r. 

Let us now perform the near-horizon limit of Eqs. (2.14). Within the assumptions (2.8) made for 
the 4-dimensional BH background, extremality implies that the near-horizon geometry is AdS^ x S^- 
Thus, in the near-horizon limit the functions appearing in the metric (2.8) read 

r 



A 



-B = lot 



C = \oi 



(2.15) 



where the relation A = —B has been obtained by suitably redefining the radial coordinate, and the 
constants r^, r# are the radii of AdS2 and 5*2, respectively. 

By assuming that the scalar fields z a are regular when approaching the BH event horizon (3 
lim r 



>,_ rH z a (r) = Zjj, \zjj\ < oo), the near-horizon limit of Eqs. (2.14) read 

1 1 



r 



-V BH + V; 



H 



-V, 



BH 



V: 



H 



1 8Vbb dV = Q 
dz a dz a 



respectively yielding the following solutions: 



H 



eff \Z H , Zh) 



eff 



^l-AV BH \V 

dV eff 



z=z H 



0. 



z=z H 



where 



dz a 

i - vi - ir/..„r 



(2.16) 
(2.17) 
(2.18) 

(2.19) 
(2.20) 

(2.21) 



and Eq. (2.21 ) characterizes the horizon configurations z H of the scalars as the critical points of V e ff 
in the scalar manifold. In other words, near the BH horizon the scalars z a are attracted towards the 
purely charge-dependent configurations z H (p,q) satisfying Eq. (2.21). 

In the considered spherically symmetric framework the Bekenstein-Hawking [59] BH entropy reads 



S 



BH 



Ah 
4 



nr 



H 



Veff {Z H , Z H ) 



Thus, in the presence of a non- vanishing scalar potential V in the d 



(2.23) 

4 Lagrangian density, the 



Attractor Mechanism [I]-[5] still works, with the usual Vbh replaced by V e ff defined by Eq. (2.22). 

From its very definition (2.22), V e ff is defined in the region of the scalar manifold where VbhV ^ 
|. Moreover, analogously to V, it is not necessarily positive, as instead Vbh is. It also holds that 



lim V f 



v-*o 



eff 



V 



lim V f 



v BH ^o+ 



eff 



BH, 



0. 



(2.24) 
(2.25) 



By denoting ^ as d a , Eq. (2.22) yields 



OaV 



eff 



2V 2 d a V B H - (V 1 - W BH V + 2V B hV - l) d a V 
2VWI ~ 4V BH V 



which further restricts the region of definition of V e ff and d a V e ff to VbhV < \ 
V e ff also enjoys the following power series expansion: 



(2.26) 

In such a region, 



V f 



eff 



l_ 1 ^ (2n\ 
2V + 2 ^ 1 n ) 



2n\ {V B H) n V n ~ x 



'BH) 

2n- 1 



VbhHVbh? V+2 (Vbh) 3 V 2 +5 {V BH f V 3 +0 ({V BH f V 4 ) . 

(2.27) 



Let us finally point out that the extension of the formalism based on Vbh to the presence of a 
non- vanishing scalar potential V, obtained above, generally hold for a not necessarily supersymmetric 
theory described by the action (2.1), and does not rely on supersymmetry, and thus on N, at all. 
It is also clear that one can easily generalize the procedure exploited above for d > 4 (for the case 
d = 5, see also [5] 



However, when supersymmetry enters the game, one might ask about the supersymmetry-preserving 
features of the critical points of V e ff. This makes sense whenever the near-horizon geometry of the 
considered class of BH backgrounds preserves some amount of supersymmetry, i.e. when it allows 
the supersymmetric variation of the (field-strength of the) gravitino to vanish. In such a case, by 
studying the conditions of vanishing of the supersymmetric variation of the gauginos, one can estab- 
lish the possible supersymmetry-preserving features of the scalar configuration corresponding to the 
considered critical point of V e ff. 
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In the procedure performed above, we considered a dyonic, static, spherically symmetric extremal 
BH background (2.8), whose near-horizon limit gives an AdS2 x S2 geometry, 
respectively have radii and r#, which 



Such factor spaces 
as yielded by Eqs. (2.19) and (2.20), in the presence of 



a non-vanishing gauging and for Vbh 7^ do not coincide. Thus, such a near-horizon geometry is 
not the Bertotti- Robinson (BR) one [63], corresponding to AdS2 X S2 with ta = Th- Whereas BR 
geometry is flat, conformally flat and it is a maximally supersymmetric N = 2, d = 4 background 
[65] , and Refs. therein), the near horizon limit (2.15) of the metric (2.8) is neither 



(see e.g. |64j and 

flat nor conformally flat; indeed its scalar curvature and non- vanishing components of Weyl tensor 
can respectively computed to be 



R 



1 



1 



H 



(2.28) 



a 



trtr 



a 



me 



a 



ttpttp 



6r\ 



6r 4 , 



(r 2 H - r\) ; 



(r% — r\) sin 2 9; 



(2.29) 



a 



rdrd 



2 

' II . 



Q r 2 



a 



6r 



Asin 2 9: 



sin 2 8. 



As shown in [66], [671 168] (see also [69]), in the presence of a non- vanishing gauging, the vanishing 
of the iV = 2, d = 4 supersymmetry variation of the gravitino in a static, spherically symmetric 
extremal BH background holds only in the case of naked singularities. Thus, one can conclude that 



the near horizon limit (2.15) of the metric (2.8) (with 7^ r#) does not preserve any supersymmetry 
at all. Consequently, it does not make sense to address the issue of the supersymmetry-preserving 
features of the critical points of V e ff in such a framework. Necessarily, all scalar configurations 
determining critical points of V e ff will be non-supersymmetric. 



3 Application to stu Model with Fayet-Iliopoulos Terms 

We are now going to apply the formalism and the general results obtained above to a particular model 
of iV = 2, d = 4 gauged supergravity, in which the scalar potential V(z, z) is the Fayet-Iliopoulos 
(FI) one (see e.g. [62] and Refs. therein) 

V FI (z,z) = (U A *-3Z A L*)a&, (3.1) 
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where 

[/AS _ G ab ^ oL A) = _1 ( ^-l|AE _ £A ^ ? (3 2) 

and £a are some real constants. This corresponds to the gauging of a U (1), contained in the TZ- 
symmetry SU [2) n and given by a particular moduli-dependent alignment of the ny + 1 Abelian 
vector multiplets. Such a gauging does not modify the derivatives of the scalar fields; moreover, in 
the considered framework the hypermultiplets decouple, and thus we will not be dealing with them. 
In this sense, we consider a gauging which is "complementary" to the one recently studied in [57] . 

By using some properties of the special Kahler geometry endowing the vector multiplets' scalar 
manifold (see e.g. [621 [70] and Refs. therein), one obtains 



D a V FI = d a V FI 



iC ahc G hl G* (D F L A ) D- c L K - 2L A D a L^ (3.3) 



We will consider the FI potential in the so-called stu model, based on the factorized homogeneous 
symmetric special Kahler manifold (dime = ny = 3) ( j^jjtjj j [7T 1 172 1 [23] . in three different frames 

of symplectic coordinates. Remarkably, we will find that in the presence of gauging (in our case, the 
FI gauging of the U (1) C SU [2) n ) the symplectic invariance is lost, and one can obtain different 
behavior of V e ff (and thus different physics) by changing the symplectic frame. This confirms the 
observation made long ago in the framework of N — 4, d — 4 gauged supergravity in [UU] , and it is 
ultimately due to the fact that in general, differently from Vbh, V is not symplectic-invariant. 

3.1 (50(1, l)) 2 Symplectic Basis 

The first basis we consider is the one manifesting the full d = 5 isometry, i.e. (5*0(1, l)) 2 , which is 
a particular case, n — 2, of the SO (1, 1) (g) SO (1, n — 1) (ny = n + 1) covariant basis [75]. In such a 
frame, the holomorphic prepotential is simply F = stu (with Kahler gauge fixed such that X° = 1). 
The notation used for the symplectic coordinates is as follows (a = 1,2,3): 

z a = {s = xi - ix 2 , t = yi- iy 2 , u = z x - iz 2 }. (3.4) 

This symplectic frame is obtained by the N = 2 truncation of the U Sp (8) gauged N = 8 supergravity 



Here and further below we will perform computations in the so-called magnetic BH charge con- 
figuratior^J in which the non- vanishing BH charges are go, P 1 , P 2 and p 3 . This does not imply any 

loss of generality, due to the homogeneity of the manifold ^ ^77(Tp J ( as recently shown in |53j). 
Within such a notation and BH charge configuration, the relevant geometrical quantities look as 



In Subsects. 4.2 and 5.2 wc will treat also the case of the so-called DO — D6 BH charge configuration. 
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follows (see e.g. [JT]) 



K 



- l<>g(.S.r 2 //-2 -2) ■ 0„ h = ^diag[x 2 2 , y 2 2 , z 2 2 ]; 



ImNi 



AE 



"^2 2/2 ^2 



1+4+4+4 

■ i 2 y2 ^2 

x 2 
3/1 

z 2 

-2 



_21 


2/1 


*1 


J*2 














,t' 2 


1 














1 

2 2 
"2 









(3.5) 



(3.6) 



AE 



/ 


XiyiZi 




-X\Z X 




\ 




-yizi 





Z\ 


V\ 






—X\Z\ 


Z\ 









V 


-xiVi 


Ul 







/ 



(3.7) 



and Vbh reads 



V, 



BH 



2x 2 y 2 Z 2 



(g ) 2 - 2q Q (p 1 y l z 1 + p 2 x 1 z 1 + p 3 £i?/i)+ 

+ (P 1 ) 2 (Z/ 2 + yl)(4 + 4) + (j> 2 )\x\ + ^ 2 )(% 2 + 4) + (p 3 ) 2 (x 2 + x 2 ,)^ 2 + y 2 2 ) + 
+2p 1 p 2 x 1 y 1 (zf + zf) + 2p 1 p 3 x 1 z 1 (yf + y|) + 2pVl/i^i(^ 2 + A) 



By using Eq. (3.1), Vpi is easily computed to be 

ex ex ex ex ex ex 

S2S3 S1S3 S1S2 



^,(50(1, l)) 2 



x 2 



y-2 



Z2 



(3.1 



(3.9) 



and Veff fgQM ^2 can be calculated by recalling its definition (2.22). 

It is worth pointing out that Vbh is symplectic-invariant, and thus Eq. (3.8) holds for the stu 
model in the magnetic BH charge configuration and in any symplectic frame. On the other hand, V 
(whose particular from considered here is Vfi) and consequently V e ff are not symplectic-invariant. 
Thus, Eq. (3.9) and the corresponding expression of K//,(so(i i)) 2 computable by using Eq. (2.22) 



hold for the stu model in the magnetic BH charge configuration only in the (S0(1, 1)) covariant 
basis. 



As one can see from Eq. (3.9), V PI { SO , x ^\\2 does not depend on the real parts of moduli. This 
implies that the criticality conditions of V e ^ r SO a i)) 2 with respect to the real parts of moduli coincide 
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with the analogous ones for Vbh- 



9V eff,(SO(l,l)) 2 _ Q ^ 8Vbj 

dx 1 dx 1 



dV eff,(so(.i,i)f _ n _ dV B 



-0^^=0; (3.10) 

dV eff,(so(i,i)) 2 _ q g Vbh _ n 



It is well known that criticality conditions on the right-hand side of Eq. (3.10) imply in the BH 
magnetic charge configuration the "vanishing axions" conditions x± = y± = z% = (see e.g. [41J ) , 
i.e. they yield the purely imaginary nature of the critical moduli. Thus, by using such on-shell 
conditions for the real part of the moduli, Vbh can be rewritten in the following partially on-shell, 
reduced form: 

v BH ,red = [(qo) 2 + (P l ?yl4 + (p 2 ) 2 44 + (p 3 ) 2 4yl] ■ (3.11) 
ZX2IJ2Z2 

The symplectic invariance of the reduced forms of Vbh depends on the symplectic invariance of the 



conditions implemented in order to go on-shell for the variables dropped out. Due to Eqs. (3.10) 



VBH,red given by Eq. (3.11) holds for the stu model in the magnetic BH charge configuration and in 
any symplectic frame. By using Eqs. ( 3.9j ) and (3.11), one can also compute V e ^^ so ^ x yf red , whose 



expression clearly holds only in the considered (SO( 



3.2 SO (2, 2) Symplectic Basis 



l)) 2 covariant basis. 



We now consider a symplectic frame exhibiting the maximum non-compact symmetry SO (2, 2) ~ 
(SU (1, l)) 2 ; it is a particular case, n — 2, of the so-called Calabi-Visentini [61] SO (2,n) {ny = n+1) 
symplectic frame, considered in [71], having heterotic stringy origin. The special Kahler geometry 
of iV = 2, d = 4 supergravity in such a symplectic frame is completely specified by the following 
holomorphic symplectic section Q: 

X A (u) 

n(u,s)=\ | = | |, (3.12) 

s?/aeX e (w) 



where ^ae — diag(l, 1, —1, —1) and X k {u) satisfies the condition X a (u)t]aj]X t '(u) = 0. The axion 

U(l) 



dilaton field s = x\ — 1x2 parameterizes the coset ^jmV > whereas the two independent complex 



coordinates 1*1,1*2 parameterize the coset S o(2)^'sb{2) • 

Note that, as shown in [71], in this symplectic frame a prepotential does not exist at all. However, 
it is still possible to calculate all the relevant geometrical quantities, using the standard formulae of 
special Kahler geometry (see e.g. [70J and Refs. therein). The Kahler potential, the vector kinetic 
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matrix and its real and imaginary parts (along with the inverse of the imaginary part) respectively 
read 



K = - log (2x 2 ) - log (X Ve^ S ) ; 
Was = -2ix 2 (<lA$E + $a$s) + (a* + ix 2 )r/ AS ; 
^as = a:i??As; 



(/i -l)AS = J_ r/ Ar r/ EA /irA = 1 ^AS _ 2( ^A $ S + $ A^S 



•i'2 



(3.13) 
(3.14) 
(3.15) 
(3.16) 

(3.17) 



where $ A = X A / y X a Xa ($ a $a = 0, $ a $a = 1), and all the indexes here and below are raised and 
lowered by using t/as and its inverse = (?7 _1 ) AE = ?7ae- By using such expressions and recalling 
the definition (3.1), one can calculate Vfi,so{2,2) to be 



V, 



FI,SO(2,2) 



2x 2 



(3.18) 



The relation between the SO (2, 2) symplectic frame specified by Eq. (3.12) and the (SO(l, l)) 2 
symplectic frame is given by the formula 



X A - 1 

^50(2,2) - ^ 



/ l-tu \ 
-(t + u) 
-(1 + tu) 

\ t- u ) 



(3.19) 



Correspondingly, the BH charges in both symplectic frames are related as follows [HJ [72] 

/ P°-qi \ 

2 3 
— p - p 



Qa 



SO (2, 2) 



1 

71 



-P° ~ qi 

2 3 
P — p 

p 1 + qo 

-02 - <?3 

p 1 - qo 

V ?2 - ?3 / 



(3.20) 



(SO(l,l)) 2 



3.3 SO (8)-truncated Symplectic Basis 

This symplectic frame, used in [76] and recently in [26], can be obtained from the N = 2 truncation 
of the SO (8) gauged N = 8 supergravity [77J [75] . 
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Let us start from the Lagrangian densit}0(see Eq. (2.11) of [76]) 

- (e- Al (^) 2 + e~ A2 (^) 2 + e-»{J*,)* + e^(^) - V FI , DL 



C 



'-9 



(3.21) 



where the As are defined as 



Al = -0(12)_ (13)_ (14). 
A 2 = _ (12) +0 (13) +0 (14). 

A 3 ^ 
A 4 



(12) 



1,(12) + (13) 



and the FI potential read 



Vfj = -2/ (cosh0 (12) + cosh0 (13) + cosh0 {14) ) . 
By switching to new variables 

0^ EE log (X x X 2 ) , 0< 13 ) EE log (X x X 3 ) , (U) EE log (X 1 X 



(3.22) 



(3.23) 



4J , 



(3.24) 

where the Xj (I = 1, 2, 3, 4) are real and Xi X 2 X3 X4 = 1, it is easy to rewrite the Lagrangian (3.21 ) 
into the form [26] (the subscript SO (8) stands for "SO (8)-truncated") 



SO (8) 



l 2 R + hcfd.X^Xj - X}Tl v T^ - V FI>SO (s) 



where 



Vfi,so(s) = -g 2 2_; XiXj. 



(3.25) 



(3.26) 



KJ 



It is worth stressing that in the symplectic frame exploited by the models above only electrical charges 
are non- vanishing. 

The model studied in [26] and based on the Lagrangian (3.25) (which, as shown above, is nothing 
but a rewriting of the model considered in [7U] and based on the Lagrangian (3.21)) can be related 
to the stu model in the symplectic frame treated in Subsect. 3.1 in the following way. 



3 Whereas in [75] the space-time signature (—,+,+,+) was used, we use (+,—,—,—) instead. 
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Firstly, one has to perform a symplectic transformation from the magnetic BH charge configura- 
tion to the purely electric configuration (thence identifying qi = p 1 , q 2 = p 2 and g 3 = p 3 ): 



S 



( \ 





Qo 
Qi 

Q2 
V ?3 / 

where S is an 8 x 8 matrix (A = 0, 1, 2, 3) defined as 

S = 



( \ 

p 1 

P 2 
p 3 

Qo 



V o / 



(3.27) 



Cat, 



(3.28) 



whose only non-vanishing components are Aq = Dq = 1 and B 11 = B 22 = B 33 = —C\\ = —C22 
— C33 = _ 1- 

This yields a corresponding symplectic transformations of sections of the (SO(l, l)) 2 symplectic 
frame treated in Subsect. 3.1 By fixing the Kahler gauge such that X° = 1, it reads 



S 



X A 
F A 



S 



(SO (1, l)) 2 , X°=l 



( 1 \ 

s 

t 

u 

—stu 
tu 
su 

\ <* ) 



( 1 \ 

—tu 
—su 
-st 
— stu 
s 

t 

V u J 



X A 
Fa 



(3.29) 



5O(8),X sl 



One can also compute that 



\SO{8),X0=l 



-2stu = -2F, 



(5O(l,l)) 2 ,X =l' 



(3.30) 



or, in terms of the relevant X A ^J 



SO(g),x°=i 



-2 X X], o(8) X| o(g) X| o(8) 



X 



X 2 X 3 
(50(1,1)) 2 (SO{l, l)) 2 (50(1, l)) 2 



X°=l 



X° 



X°=l 

(3.31) 



4 Notice that X9 so ~ r ^ 2 = Xg Q ^ = X°, because the symplectic transformation S does not act on X°. 
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Finally, by recalling the symplectic- invariant "vanishing axions" conditions (3.10) and the defi- 



nitions (3.4), one can introduce the following holomorphic sections: 



/ 




SO(8),X°=l 




SO(8),X°=l,x 1 =y 1 =z 1 =0 



(3.32) 



where x 2 , y 2 and z 2 have been defined in Subsect. 3.1 



By using the general transformation rule for the matrix M (see e.g. 



1 

2/22:2 

X 2 Z 2 
X2V2 

-ix 2 y 2 z 2 
-ix 2 

-m 

—iz 2 



and the explicit expres- 



sions (3.6) and (3.7) of its imaginary and real p arts in the stu model, one can easily compute the 
kinetic vector matrix corresponding to sections (3.32), denoted by M . Its real part vanishes, while 
its imaginary reads as follows: 



A*oo 



-x 2 y 2 z 2 , /in 



;r 2 



2/2^2 



H22 



2/2 



Z 2 X 2 



^33 



Z 2 



x 2 y 2 



(3.33) 



By inserting Eqs. (3.32) and (3.33) into the definition (3.1), one obtains the following expression of 
the FI potential: 



V, 



FI,SO(8) 



CX cx cx 



X2 2/2 



z 2 



^2 - mv2 - m*2. 



(3.34) 



As anticipated in the Introduction, Vpi,so{8) is the only gauge potential (among the considered ones) 
admitting critical points at a finite distance from the origin. By comparing Eq. (3.34) with Eqs. 
(3.9) and (3.18) above, it is easy to realize that this is due to the simultaneous presence of "-" and 
"x" terms, thus allowing for a "balance" of opposite behaviors of the potential. 



Comparing the matrix p,&z given by Eq. (3.33) with the one considered in 
(7 = 1,2,3,4) 

Hi j = ~Xj 6u, vu = 0, 



one can relate the (SO(l, 1)) symplectic coordinates with the ones used in [26] : 

X 2 ^2 V2 ^2 Z 2 



2/2^2 



xl 



x 2 z 2 



X 



2/2^2 



x 2 y 2 z 2 . 



namely with 
(3.35) 

(3.36) 



It is worth pointing out that the FI potential (3.26) of [26] corresponds to the FI potential (3.34) 
with the particular choice £q = £1 = £2 — £3 — \Z^9 2 - 

By recalling that VsH,red is symplectic invariant and given by Eq. (3.11), and using Eqs. (2.22) 
and (3.34), one can then compute V e ff ire d,so(s)- 
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4 Dependence of Black Hole Entropy on the Symplectic 
Frame in stu Model 



We will now go on-shell for the formalism based on the effective BH potential V e ff. In other words, 
we will compute, for the considered magnetic BH charge configuration, the critical points of V e // 
of the stu model in the three symplectic frames introduced above, and then compare the resulting 
BH entropies. In the SO (8)-truncated symplectic basis we will match perfectly the results of [25] , 
obtained by using the (intrinsically on-shell) Sen's entropy function formalism (see j6j [8], and [IE] 
and Refs. therein). Furthermore, as previously mentioned, the formal and physical results will 
generally depend on the symplectic basis being considered. We will also consider the case of DO-DQ 
BH charge configuration. 



4.1 Magnetic Configuration 

It is now convenient to introduce the following new coordinates: 



x 2 = 



qoP 1 




q p 2 




q p 3 




X, V2 = J 


plp3 


y, z 2 = J 


p2p\ 


p2p3 







(4.1) 



By doing so, Eqs. (3.11), (3.9), (3.18) and (3.34), holding in the magnetic BH charge configuration 
and expressing the symplectic-invariant Vbh an d the not symplectic-invariant Vpi in the (SO(l, l)) 2 , 



SO (2, 2) covariant and SO (8)-truncated symplectic frames respectively, can be rewritten as follows: 

VBH,red : 
VBH,red 



y/\qop 1 p 2 p 3 \ t - 
2 VBH,redi 



(4.2) 



l+x 2 y 2 +x 2 z 2 +y 2 z 2 , 
xyz ' 
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r v, 



i 



Fi,(so(i,i)y 



Vfi,(so(i,i)) 2 



x ~ y ~ z ' 



(4.3) 



I |i = ^b^f,i = l,2,3; 



V, 



FI,SO{2,2) 



, / , " t 2 a, VsO(2,2) 



V, 



F/,SO(2,2) 



(4.4) 



FI,SO{8) 



2\/\qop 1 p 2 p 3 \ 



V, 



FI,SO(8), 



V FI , SO (8) = 6(| + f + f ) + 66* + 66?/ + 



(4.5) 



6 



10 



p 1 



p2 



22opV 

p 3 



S3- 



Let us also write here the expressions of the (symplectic-invariant) superpotential and of its 
covariant derivatives {matter charges): 



W = qo { 1 + sgn (go) [sgn (p 1 ) yz + sgn (p 2 ) xz + sgn (p 3 ) xy\ } ; 

iW = -* [l + s</7i (goP 1 )^]; 

D y W = -—[l + sgn (q p 2 ) xz] ; 
D Z W = -^ [1 + sgn (q oP 3 ) xy] . 



(4.6) 
(4.7) 

(4.8) 
(4.9) 



Now, by recalling the definition (|2.22|), the reduced effective potential can be written as follows: 

(4.10) 



V e ff,red = a/I^OPWI Veff,red] 



eff,red 



where VBH,red is given by Eq. (4.2), and Vp/, depending on the symplectic frame, is given by Eqs. 
(H-(pj).' 
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4.1.1 SO (2, 2) 

V e ff,red,so(2,2) reads 



V, 



eff,red,SO(2,2) ~ x 



1 + ° 



-2 — (1 + £ 2 2/ 2 + ^ 2 2 2 + y 2 -2 2 ) 



(4.11] 



Attractor Eqs. for such a potential yield the following solutions: 

9V e ff,red,SO(2,2) <9K//,red,SO(2,2) 9V e ff t red,SO(2,2) 



a > — 2 : x 



dx dy dz 

and the corresponding BH entropy reads 



<S> 



v/l+25' 
1 

v / T := 25' 



y = Z = ±l 
V = 



s 



" ^ 2 • Z7F v^+25 ' 



BH,SO(2,2) 



Z = ±1, 

(4.12) 



(4.13) 



As it can be seen by recalling Eqs. (4.6)-(4.9), for both ranges of a the solutions have at least one 



non-vanishing matter charge. The condition Z = requires p 2 p 3 < and p 1 q$ < 0, whereas Z ^ 
requires p 2 p 3 > and p 1 qo < 0. 

The ungauged limit a — > yields x = ±1 and Sbh,so(2,2) = 27r V^koF^P 2 ^!) consistenty with the 
known results [801 EH ES]- On the other hand, by recalling Eq. (3.5) the limit a — > oo in the branch 
a > — | and the limit 5 — > — oo in the branch a < | yield a singular geometry. 



4.1.2 (50(1, 1))^ 



As it can be seen from Eqs. (W.3| and (4.4), in the case £i = one obtains that V 1 



FI,(SO(l,l)) 



2 a 



Vfi,so(2,2), and everything, up to some redefinitions, goes as in the SO (2, 2) symplectic basis. 

In the following treatment we will assume the simplifying assumption (implying asymptotically 
AdS BHs) 

fx = £2 = £3 = (4.14) 

corresponding to the most symmetric implementation of the FI gauging in the considered symplectic 
frame. Under such an assumption, one gets 



v; 



x 2 y 2 z 2 + \ (xy + xz + yz)(l + x 2 y 2 + x 2 z 2 + y 2 2 2 ) — xyz 



eff,red,(SO(l,l)Y 



\(xy + xz + yz) 



(4.15) 
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Attractor Eqs. for such a potential yield the following solution: 



dV eff,red,(SO(l,l)f _ 9V eff,red,(SO(l,l)) 2 _ dV eff,red,(SO(l,l)f 



dx 

x = y = z = 

The corresponding BH entropy reads 



dy 



t 



3 + Qg 2 + yg + 
6 + 18# 2 



1/4 



0; 



(4.16) 



5 BH,(SO(l,l)) 2 = TlVkoPW 1 - 



-V2 + a/5 + 12# 2 + v/9 + 24# 2 



2<? 5 



'6 + 12c/ 2 + 2^9 + 24^ 
3 + V 



1/4 



(4.17) 



In the ungauged limit g ^ one gets x — y — z — 1 and the well-known expression of the BH 
entropy is recovered [EH Ell EH] : 



9->0 u BH,(SO(l,l)) 



2 / K\/\q p 1 p 2 p 3 \. 



(4.18) 



For g — > oo 5'b^ i (s'o(i,i)) 2 van i snes an d x = ?/ = 2 = 3 1 / 4 . As it can be seen by recalling Eqs. 



(4.6)-(4.9), the solution (4.16) has all Z, D X Z, D y Z and D Z Z non-vanishing. 



4.1.3 SO (8)-truncated 



As it can be seen from Eqs. (4.5) and (4.4), in the case £2 = £3 = one obtains that Vfi,so(8) a 
Vfi,so(2,2), and everything, up to some redefinitions, goes as in the SO (2, 2) symplectic basis. 
In the following treatment we will assume the simplifying assumption 



£0 — £1 — £2 — £3 



(4.19) 



corresponding to the most symmetric implementation of the FI gauging in the considered symplectic 
frame. Under such an assumption, one gets^] 



V r 



'SO (8) 



;i + 3x 4 )(^ + x)-i 



eff,red,SO{8) 



dcso(8)(l/x + x) 



(4.20) 



where (without loss of generality, under the assumption (4.19)) we put x = y = z, and aso(8) = 3£q- 
The attractor Eq. for such a potential yields the following as0(8)-mdependent solution: 



dV, 



eff,red,SO(8) 

dx 



x = 1, 



(4.21) 



3 Here and below aso(8) ^ 0j implying asymptotically AdS (flat in the ungauged limit aso(8) 0) BHs. 
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and the corresponding BH entropy reads 



■ y/l + 8a SO (8) ~ 1 



Sbh,so(8) = TTA/lgopVp 3 ! ^ • ( 4 - 22 ) 

^«SO(8) 

Such an expression coincides with the result obtained in [26], up to a redefinition of the constant 
£*SO(8) by considering q = p 1 = p 2 = p 3 . Consistently, in the ungauged limit aso(8) — > the well 
known expression of the BH entropy is recovered [HOI EH HH3 : 



Umg_ S B H,so(8) = 2vTA/|g pVp 3 l, (4-23) 
whereas Sbh,so(8) vanishes in the limit 050(8) — > °°- 



As it can be seen by recalling Eqs. (4.6)-(4.9), depending on the sign of charges can make Z or 



D X Z, D y Z and D Z Z vanish, or also obtain the non-vanishing of all Z, D X Z, D y Z and D Z Z. 



4.2 D0-D6 Configuration 

Let us now consider the so-called D0-D6 BH charge configuration, in which (in the (SO(l, l)) 2 
covariant symplectic basis) all charges vanish but p° and go- F° r such a configuration the symplectic- 



invariant Vbh, defined by Eq. (2.12), reads 

1 



V, 



BH,D0-D6 



2X21/2^2 



[(g ) 2 + 2q p°x 1 y 1 z 1 +pl(x 2 1 + x 2 2 )(yl + y 2 ){z 2 + 



(4.24) 



By recalling the expressions of the FI potentials given by Eqs. (3.9), (3.18) and (3.34), it is easy to 



realize that the criticality conditions of V e ff t Do~D6 with respect to the real parts of moduli coincide 
with the analogous ones for Vbh,dq-d&'- 



dV, 



.11 /'"> n.; _ q ^ BVbH, DO-DC q. 



dx 1 



dx 1 



dy 1 



0; 



9V e f f,D0-D6 ri 9Vbh,D0-D6 

dy 1 ~ 

Veff,D0-D6 Q ^ V V BH,D0-D6 Q 



(4.25) 



8V e 



dVn 



dz 1 



It is well known that criticality conditions on the right-hand side of Eq. (4.25) imply in the DO — D6 
BH charge configuration the conditions x\ 



y\ — Z\ — (see e.g. |41j), i.e. they yield the purely 
imaginary nature of the critical moduli. Thus, by using such on-shell conditions for the real part of 
the moduli, Vbh,dq-D6 can be rewritten in the following partially on-shell, reduced form: 



V, 



1 



BH.D0~D6,red 



1 2x 2 y 2 z 2 



[(go) 2 + [p'fxlylzl] . 



(4.26) 



As noticed above, the symplectic invariance of the reduced forms of Vbh depends on the symplectic 
invariance of the conditions implemented in order to go on-shell for the variables dropped out. Due 
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to Eqs. (4.25), VBH,Do—D6,red given by Eq. (4.26) holds for the stu model in the DO — D6 BH charge 
configuration and in any symplectic frame. 

It is now convenient to introduce the following new coordinates: 



x 2 



go 

p° 



X, 2/2 



qo 
p° 



y, z 2 



qo 
p° 



z. 



(4.27) 



the subscript DO — D6): 



By doing so, Eqs. ( |4.26[ ), ( |3.9[ ), ( |3.18[ ) and ( |3.34[ ) can respectively be rewritten as follows (we drop 

(4.28) 



t/ _ kop°l T> 

VBH,red ~ VBH,red, 



VBH,red 



xyz 



and 



FI,(SO(l,l)Y - 2\g op o\ v FIXSO(l,l)) J > 



1— V 
„t>0| K F 



^1,(50(1,1))^ — x 



ft ft _|_ ft ft _|_ gift 



(4.29) 



[ e, = V2^/(p ) 2 |g |ef,« = 1,2,3; 



FI,SO(2,2) ~ -2\^fi] VFI,SO{2,2) 



^OT Vf 



FI,SO(2,2) = ~, 
Vf/,50(8) = -2|^ffTVF/,50(8), 



(4.30) 



2kop°| 

'ft _L ft _L ft' 



[ lo = v^iesii = v^^vier,* = 1,2,3. 



(4.31) 



Let us also write here the expressions of the (symplectic-invariant) superpotential and of its covariant 
derivatives (matter charges): 



W = q [l + sgn (q p°) xyz] ; 



D X W = 


_qo_ 

! 




X 


D y W = 


_qo_ 


y 


D Z W = 


_qo 


z 
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(4.32) 
(4.33) 

(4.34) 
(4.35) 



Now, by recalling the definition (2.22), the effective potential can be written as follows: 



Veff,red ~ \QoP°\ Veff,red> 



V, 



eff,red 



V l+VBH,redVpi—l 



(4.36) 



Vfi 



(4.29)-(4.3f ). 



where VsH^ed is given by Eq. (4.28), and Vpi, depending on the symplectic basis, is given by Eqs. 



4.2.1 SO (2, 2) 

V e ff,red,so(2,2) reads 



v; 



eff,red,SO(2,2) — X 



l + ^(l + x 2 y 2 z 2 )-l 
a 



The corresponding attractor Eqs. for the variables y and z yield: 

dVeff,red,SO(2,2) _ 9V e f f >r ed,SO(2,2) 



dy 



dz 



<^ xyz = 1. 



(4.37) 



(4.38) 



On the other hand, when inserting the attractor Eq. for the variable x into the condition (4.38) one 
obtains 

ayz = 0. (4.39) 

It is then easy to realize that the attractor Eqs. have solutions only in the ungauged case 5 = 0. 
In such a case, the corresponding solution is non-BPS Z ^ 0, it is stable (up to a non-BPS Z / 
moduli space with dim^ = 2 J2TJ [351 EZ]); an d the corresponding BH entropy is given by the well 
known result JHD1 UHl ES] 

Sbh = Mp°Qo\- (4-40) 
Thus, one can conclude that the in the presence of a FI potential in the SO (2, 2) covariant symplectic 
basis (of the stu model), the DO-DQ BH charge configuration does not support any critical point of 
the effective potential V e ff >re d,so (2,2), and thus no attractor solutions are admitted when only p° and 
go are non- vanishing (in the (5*0(1, l)) 2 covariant symplectic basis). 

4.2.2 (50(1, l)) 2 



As it can be seen from Eqs. (4.29) and (4.30), in the case £1 = one obtains that Vfi,(so(i,i)) 2 a 
Vfi,so(2,2), and everything, up to some redefinitions, goes as in the SO (2, 2) symplectic frame. 

As done for the treatment of magnetic BH charge configuration, we will make the simplifying 



assumption (4.14), which we recall to correspond to the most symmetric implementation of the FI 



potential in the considered symplectic frame. Under such an assumption, one gets 



V 



x 2 y 2 z 2 + \{xy + xz + xy)(l + x 2 y 2 z 2 ) — xyz 



eff,red,(SO(l,l)y 



'-(xy + xz + xy) 



(4.41) 
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Attractor Eqs. for such a potential yield the following solutions: 



dV 



eff, red,(SO(l,l)Y 

dx 



dV 



eff, red,(SO(l,l)y 

dy 



dV 



ff,red,(SO(l,l)) 2 

dz 



0; 



t 

x = y = z; 

3x 4 (-l + a; 6 )+^ 2 (-l + 2a; 6 ) 2 



(4.42) 



0. 



Differently from the case of magnetic BH charge configuration (given by Eq. (4.16)), the algebraic 
equation of degree 12 on the right-hand side of Eq. (4.42) does not have an analytical solution. The 



corresponding BH entropy can be computed in a parametric way as follows: 

S, 



'BH,{SO(l,l)) 2 



I o I (2^ 6 - 1) 



i' 1 



(4.43) 



yielding the restriction \ < x 6 ^ 1 on the solutions of the algebraic equation of degree 12 on the 
right-hand side of Eq. (4.42). 



4.2.3 SO (8)-truncated 



As it can be seen from Eqs. (4.31) and (4.30), in the case £ 2 = £3 = one obtains that Vpj t so(8) a 



Vfi,so(2,2), and everything, up to some redefinitions, goes as in the SO (2, 2) symplectic frame. 

As done for the treatment of magnetic BH charge configuration, we will make the simplifying 



assumption (4.19), which we recall to correspond to the most symmetric implementation of the FI 



gauging in the considered symplectic frame. Under such an assumption, one gets 



V. 



eff,red,SO{8) 



l + ^(l + ^)(I+x) 
0:50(8) iX/x + x) 



where (without loss of generality, under the assumption (4.19)) we put x = y = z. 



Attractor Eq. for such a potential yields the following a,5o(8)-i n dependent solution: 



(4.44) 



dV f 



eff,red,SO(8) 

dx 



x = 1, 



(4.45) 



which is formally the same solution obtained for the magnetic BH charge confoguration. The corre- 
sponding BH entropy reads 



Sbh,so{8) = n\q p 



0, a/ 1 + 4 "SO(8) - 1 



2a 



SO (8) 



(4.46) 
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the well-known expression of the BH entropy is 

(4.47) 



01 



Consistently, in the ungauged limit aso(8) ~ 
recovered IH01 HOI [35]: 

Um g ^ S BHt so(8) = n\q p 
whereas Sbh,so{8) vanishes in the limit a S o(8) ~^ 00 • 

As it can be seen by recalling Eqs. (4.32)-(4.35), the critical points of K//,red,so(8) necessarily 
have at least one matter charge vanishing, depending on the sign of charges p° and go- 



5 Analysis of Stability 

In order to determine the actual stability of the critical points of V e ff found in the previous Section 
for the magnetic and DO — D6 BH charge configurations in various symplectic bases, one has to 
study the sign of the eigenvalues of the (real form of the) Hessian of V e ff case by case. It is worth 
pointing out that this is possible only in the effective potential formalism studied here, which is 
intrinsically off-shell (indeed, the treatment of Sects. [2] and [3] holds in the whole scalar manifold; 
only when computing the critical points of V e ff in the various symplectic frames, as done in Sect. 4| 
one goes on-shell). The so-called entropy function formalism (see e.g. [HI El EE3 ESI SSI HHl 154"] ) 
is intrinsically on-shell, and it does not allow one to study analytically the stability of the attractor 
scalar configurations. 

The key feature is the fact that in the (three different symplectic frames of the) stu model Vfi is 
independent of the axions (x\, yi,zi). 

By denoting / = {x, y, z}, the first derivatives of V e ff with respect to the axions df^V e ff read 

dV ef f _ dV eff dV BH 



Of i dV BH df 1 



(5.1) 



definition VbhV <T° 



By recalling Eq. (2.22) one gets that 

T 



V1-4VVW ' w hi c h i s strictly positive in the region of 
V e ff] consequently, as already pointed out above: 



dV 



eff 







dV, 



BH 



0. 



(5.2) 



dfx df, 

In the stu model such criticality conditions along the axionic directions imply, both in the magnetic 
and DO — D6 BH charge configurations, x\ — y\ — z\ — (see e.g. [II]), i.e. the vanishing of all 
axions. 

Let us now investigate the second order derivatives of V e ff at its critical points. Using the axionic 
criticality conditions (5.2) one can easily show that (g = {x,y,z}) 

d 2 V e 



'eff 



dfidgx 



LL- 



d 2 V 



eff 



dfidg 2 



8V eff . 
3/1 " 



dVeff 




d 2 V BH 


dV BH 


3/l 


dfidgx 


dVeff 




d 2 V BH 


dV BH 


9V eff _ 


dfidg 2 



3/1 



3/1 



dV eff . 
3/1 " 



(5.3) 



(5.4) 
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By straightforward calculations, one can show that all axionic-dilatonic mixed derivatives vanish at 



dfi 



0: 



d 2 V 



BH 



dfidg 2 



0. 



eff ■ 



(5.5) 



3/1 



This implies that the 6x6 (real form of the ) critical Hessian (^j-q^j av ff {k = 1,2) is block- 



diagonal. The first 3x3 block is the axionic one at e J f 
dilatonic one 



whereas the second is the 3x3 



Bfk 



9f2dg 2 



gv . Clearly, the real eigenvalues of such two blocks can be investigated 



separately 



Sfk 



d 2 V f 



It is worth pointing out that in the dilatonic block 9 j 2 q 2 



8Sk U 



the axions x±,yi,Zi are like 



parameters, and one can implement the criticality condition X\ — y\ — Z\ — before differentiating 
with respect to dilatons without losing any generality. This means that one can use the reduced form 
Veff,red of the effective potential in order to study the sign of the eigenvalues of the dilatonic block 
of the critical Hessian of K//, which we will denote by £i, ( 2 and C3- 



Concerning the axionic block 



dfidgi 



in the D0—D6 BH charge configuration it has strictly 



a/it 



positive eigenvalues (as it can be shown by straightforward calculations by recalling that £22/2-22 > 



- see Eq. (3.5) - ). On the other hand, in the magnetic BH charge configuration the axionic block is 



proportional (through a strictly positive coefficient) to the following 3x3 matrix 



/ 



(y 2 + z 2 ) pZqoiKz 2 -!] p 2 q ^y 2 -l] \ 



\ 



p 3 q [Kz 2 



p 2 q [Ky 2 - 1] 



qop 1 p 3 



(x 2 + z 2 ) p 1 q [ftx 2 — 1] 



p 1 q [Kx 2 



(x 2 + y 2 ] 



(5.6) 



3/2 



where K = sgn (qop 1 p 2 p 3 ), and the rescaled dilatons are defined by Eq. (4.1). In the following we 



will denote the eigenvalues of the axionic block of the critical Hessian of V e ff by Xi, Xi an d X3- 

Let us briefly recall the stability of critical points of Vbh i n the ungauged stu model. The ^-BPS 
and non-BPS Z = critical points are actually attractors in the strict sense, with no vanishing 
eigenvalues of the Hessian at all: Xi, X2, X3, Ci, C2, C3 > 0- O n the other hand, the non-BPS Z ^ 
critical points are stable, with two flat directions permaining at all orders, and spanning the moduli 
space (SO (1, l)) 2 (i.e. the scalar manifold of the ungauged stu model in d = 5; see ^0ll2T| [35 | l37 t l4T]): 
one gets xi > 0,X2 = Xs = 0, (1,(2,(3 > and xuX2,Xa > °> Ci > 0,(2 = C3 = 0, respectively for 
the magnetic and DO — D6 BH charge configurations. It is also worth recalling that the magnetic 
BH charge configuration supports in general all three classes of critical points of Vbh, whereas the 
DO — D6 BH charge configuration supports only non-BPS Z 7^ critical points of Vbh- 
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In the following we will report the results concerning the stability of the critical points of V e jf in 
the various considered symplectic frames of the stu model with FI terms, both in the magnetic and 
in the DO — DQ BH charge configurations. 



5.1 Magnetic Configuration 



As given by Eq. (4.12), in the 5*0(2,2) covariant symplectic frame two sets of critical points of 
Veff,red,so(2,2) exist. For both solutions one gets the following result: 

Xi,X2,X3 > 0; 



q p 1 p 2 p 3 > : 



SO (2, 2) sympl. frame: < 



qoP P P < : 



Ci,C2,Cs > 0; 

Xu X2 > 0, X3 = (a = : xi > 0, X2 = X3 = 0) ; 

Ci,C2,Cs > o. 



(5.7) 

On the other hand, as giy en by Eq. (4.16), in the (SO(l, l)) z covariant symplectic basis in the 

exist, for which it 



simplifying assumption (4.14) only one set o 
holds that 



critical points of K//,r e d,(so(i,i)) 2 
Xi,X2,X3 > 0; 



q p p p > 



(SO(l , l)) 2 sympl. frame: < 



q p 1 p 2 p 3 < : 



Ci,C2,C 3 > 0; 

Xi >0, X 2< 0,X3 < o, 

(g = : xi > 0, X2 = Xs = 0) 

Ci,C2,Cs > 0. 



(5- 



Finally, as giv en by Eq. (4.21), in the SO (8)-truncated symplectic basis in the simplifying 
assumption (4.19) only one set of critical points of K//,red,so(8) exist, and it can be computed that 



q p 1 p 2 p 3 > : 



SO (8)-trunc. sympl. frame: < 



q p 1 p 2 p 3 < : 



Xi,X2,X3 > 0; 

Ci,C2,C 3 > 0; 

Xi > 0,X2 = X3 = 0; 

Ci,C 2 ,C 3 >o. 



(5.9) 



Let us briefly analyze the obtained results (5.7)-(5.8). As intuitively expected, the introduction of 
the (FI) potential never affects the sign of those eigenvalues strictly positive in the ungauged limit, 
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and thus it does not modify the stability of those gauged solutions (supported by qop 1 p 2 p 3 > 0) 
which in the ungauged limit are |-BPS or non-BPS Z = 0. On the other hand, by looking at those 
gauged solutions (supported by q Q p 1 p 2 p 3 < 0) which in the ungauged limit are non-BPS Z / 0, 
one realizes that in the presence of (FI) potential the possible lift of the two ungauged non-BPS 
Z 7^ flat directions strictly depends on the symplectic basis being considered. Indeed, such flat 
directions both persist in the 50 (8)-truncated frame, only one is lifted up to a positive direction in 
the SO (2,2) covariant basis, and both are lifted down to tachionic (i.e. negative) directions in the 
(5*0(1, l)) 2 covariant basis. 



5.2 D0-D6 Configuration 



As given by Eqs. (4.38) and (4.39), the 5*0(2,2) covariant symplectic basis does not admit any 



gauged (a ^ 0) critical point of V e ff,red,SQ(2,2) m the D0-D6 BH charge configuration. 



On the other hand, as given by Eqs. (4.42) and (4.43), despite the fact that analytical critical 



points of V e jj: red f SO [i i)f cannot be computed, in the (50(1, 1)) symplectic frame one can still study 
the sign of the eigenvalues of the critical Hessian of V r e //,red,(50(i,i)) 2 ' ^ nus obtaining 



(SO(l , I)) 2 cov. sympl. frame: 



Xi,X2,X3 > 0; 

Ci>0,C 2 >0,C 3 >0 (3 = 0:Ci>0,C 2 = C3 



0) 



(5.10) 



Finally, as giv en by Eq. (4.45), in the 50 (8)-truncated symplectic basis in the simplifying 
assumption (4.19) only one set of critical points of V r e //,red,s , o(8) exist, and it can be computed that 



50 (8)-trunc. sympl. frame: 



Ci > 0,C 2 < 0,C 3 < (& SO (s) = : Ci > 0,C 2 = Ca = 0) . 



(5.11) 



Once again, let us briefly analyze the obtained results ( 5. 10 )-( 5. 1 1 ) . As intuitively expected, also 



in the DO — DQ BH charge configuration the introduction of the (FI) potential never affects the sign 



of those eigenvalues strictly positive in the ungauged limit. Furthermore, by looking at Eqs. (5.10) 



(5.11) one can realizes once again that in the presence of (FI) potential the possible lift of the two 
ungauged non-BPS Z ^ flat directions strictly depends on the symplectic frame being considered. 
Indeed, such flat directions are both lifted up to positive directions in the (50(1, l)) 2 covariant basis, 
whereas they are both lifted down to tachionic directions in the 50 (8)-truncated frame (as it was 
the case for \2 and X3 m the (50(1, l)) 2 basis for the magnetic BH charge configuration). 



6 Further Developments 

It is clear that the present study paves the way to a number of possible further developments. One 
of particular relevance is the following. 
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By considering the issue of stability in the magnetic BH charge configuration, one might wonder 
whether % 3 = in the 50(2,2) frame (see Eq. ( 5.7[ )) and Xi — X?> — in the SO (8)-truncated 
frame (see Eq. (5.9)) actually are flat directions of the corresponding effective potentials, i.e. whether 
they persist also at higher order in the covariant differentiation of such (not symplectic-invariant) 
potentials. Since in general the geometry of the scalar manifold is not affected by the introduction 
of the gauging, in case of positive answer it would be interesting to determine the moduli space 
spanned by such flat directions. It is clear that the reasoning about flat directions performed in [37] 
should not apply in the considered cases, because in the presence of (FI, but likely for a completely 
general) gauging 14// is not symplectic-invariant, as instead Vbh is by definition. We leave this issue 
for future work. 
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